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I. Introduct ion 
The app l i c a t  ion o f  L i  apunov Theory t o  the  design o f  stab l e  model t rack1 ng 
adaptive systems requires use o f  s ta te  var iables i n  formulating the cont ro l  law 
[I-37, and f o r  the  important class o f  problems t o  be considered the s ta te  
variables must be i n  normal (phase var iab le)  form C4]. Hence complexity of 
instrumentation and the  presence o f  measurement noise are l i k e l y  t o  be the factors 
which most severly l i m i t  t he  p r a c t i c a l i t y  o f  the  design. S ign i f i can t  r esu l t s  
which o f f e r  means o f  improving t h i s  s i t ua t i on  have been reported f o r  the case i n  
which der ivat ives o f  the forc ing funct ion appear i n  the d i f f e r e n t i a l  equation 
of the p lan t  [I ,51. I t  has been shown t h a t  the highest-order s ta te  which must 
be measured can be reduced i n  proport ion t o  the  number o f  input der ivat ives.  
The problem t reated here has been motivated by the  desire t o  reduce fu r ther  
the  noise enter ing the  system, and a t  the same t ime t o  f i n d  p o s s i b i l i t i e s  f o r  
s impl i fy ing the complexity o f  tho  adaptive con t ro l l e r .  
The essent ia l  idea i s  t o  consider the  problem i n  which some o f  the  compen- 
sat ing gains are f i xed  a t  nominal values, as would be j u s t i f i e d  i f  the associated 
p lan t  parameters are known wi th  s u f f i c i e n t  accuracy. Hence the adaptive control  
i s  appl ied only t o  those terms i n  which the parameters are known wi th  poor 
accuracy. Using t h i s  approach the t rack ing e r r o r  w i t  I not i n  general be asymp- 
t o t i c a l l y  stable, and a c r i t e r i o n  I s  needed t o  estab l ish t ha t  the e r ro r  w i l  E I n  
fac t  be s a t i s f a c t o r i l y  bounded, The ob ject  of  t h i s  paper i s  t o  der ive a t e s t  f o r  
such a bound ,  The r e s u l t  i s  a suffieien? condition fo r  Lagrange SPabitity which, 
though conservative, o f f e r s  a bas is  for design. 
eonsideration i s  given t o  the e f f e c t  o f  measurement noise upon the so lu t ion,  
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and resu l ts  sf s imuiat isn are presented, i l l u s t r a t i n g  an applicaaion sf t h e  me thod*  
I I a DescripPion sf t he  Adapfive System 
The t ime- invar iant  l i near  p lan t  i s  defined according t o  the s ta te  equation 
wherein the s ta te  vector x = [x.] i s  o f  dimension n. u  and r are scalar control  
- I 
and reference inputs respect ively,  w i th  b = [bi], c+ = [ci], and d = Edi] i s  an 
-P - 
unknown bounded disturbance. In  assuming t h a t  - x i s  i n  normal form, only t h e  
coe f f i c ien ts  o f  the l a s t  row o f  A are subject t o  uncertainty. Spec i f ica l ly ,  if 
P 
A = [a. .I, then some o r  a  l l o f  the parameters an i = I . . . . , n may be unknown, P I J  
the other coe f f i c i en t s  being zero except f o r  the  terms on the  super diagonal 
which, f o r  the  normal f om,  are defined as uni ty.  
As d i scussed i n [4], i f the elements of b  are not presumed t o  be known 13 
exactly, then the design requi res, f o r  the  case t reated hers i n  which u i s  a  
- 
scalar, t h a t  bi = 0 f o r  i # n. This i s  compatible wi th  the normal form, and i s  
i n  keeping wi th  the development i n  [5] which a l  lows f o r  the presence o f  der i -  
vatives o f  the  forc ing funct ion i n  the d i f f e r e n t i a l  equation of the  p lant .  
The case i n  which therc are der ivat ives of  the  i n p u t  i s  t r e a t e d  i n  Sect ion V.  
The s tab le  t ime- invar iant  model, which i s  assumed t o  have the same 
mathematical s t ructure as t he  plant ,  i s  defined by 
where 
X = Cyi7, % = C B ~ ~ ,  Am = Caljl, and r i s  fhe scalar input. 
The design ob jec t i ve  i s  t o  adapt one or more o f  the compensating gains 
( to  be defined) so as -I-o r e a l i z e  an asymptotic bound on t h e  norm of the er ror ,  
( f e / ( , where -- s = - y-x. - The design approach i s based on [2,53 except t h a t  here 
we assume som ignorance sf - a l l  p lan t  parameters, even though some of Phe 
compensating gains may be nonadaptive, Recognizing t h a t  a reduction of t h e  
number o f  adap*ive g a i n s  c e r t a i n ly  simpfifles t h e  requiremnts on instrumentat ion,  
t h e  purpose of t h i s  study i s  t o  examine the consequences o f  such a simp! i f i c a t i o n  
upon system performance. I n  past  works the presence o f  measurement noise has 
been ignored, and t he  parameters associated w i th  the  nonadaptive gain terms 
have been assumed t o  be known exact ly.  
I 1 I. Summarv Statement o f  the  Control Law w i t h  -- n = - -  0, d = - 0 
In  order t o  s imp l i f y  t he  notat ion,  t he  resu l t s  which serve as background 
mater ia l  t o  the paper w i l l  f i r s t  be s ta ted subject  t o  the assumptions t ha t  the re  
are no der ivat ives o f  the  input, and t h a t  there are no measurement noise and 
disturbance present. Thus, summarizing the resu l t s  of previous work, and making 
the assclmption t h a t  the  control  of the  p l an t  can be accomplished through u only,  
t h a t  i s  t o  say, t h a t  p l an t  parameters cannot be adjusted d i r ec t l y ,  we sha l l  w r i t e  
the  d i f f e r e n t i a l  equation f o r  the  t rack ing  e r ro r  as 
w i t h  
wherein A a Am -A w i th  elements [s. .I, ($,-c = C S  7, and f = [f 1. The ob ject  
P I J -P - 
being t o  guarantee s t a b i l i t y  o f  the  equ i l i b r ium a t  e = 0, a Liapunov funct ion i s  
- - 
def i ned by 
i n  which P = EPij] and 9 = [ m i ]  i s  a vector  t o  be defined, w i th  dimension n + I .  
The i i r , ~ c ?  d ~ r i v a t i v e  9f V fol  iov,inz -1-116 rnotion can b~ shown t o  be ciiven by 
"-4'- 
and f is the i a s t  element of f ,  In deriving ( 3 , 4 )  it i s  helpful to recognize 
n - 
L L  -C T 
I I ~ ~ I ,  f a r  i h e  norrnal form, e ' P f  = yi,. since f is t h e  only eiement of f +hat 
- - n - 
can be non-zero, as given by 
n 
f = C Sni xi + 6n r-bnu. 
n i = l  
I f  it is now required in ( 3 . 4 )  that (yfn + - ( - 4) E O9 then with any positive 
definite symmetric Q, and P satisfying the equation 
V is a Liapunov function. 
This result i s  obtained by satisfying the following relationships: 
with 
wherein Xi, X are real and non zero, and 
r 
It is important to note that V as defined in (3,3> is positive definite in 
. 
the space defined by e, $. Thus V in ( 3 , 4 )  is negative semidefinite, and the 
- - 
equilibrium at - e = - 0, 9 = 0 is stable. However since is negative definite in 
the - e space, the equilibrium at - e = - 0 is asymptotically stable. 
It Is of further intcrcst to note that, 
by the we l l known corol l ary to the Li apunov Theorem on asymptotic stabi l i ty [ 6 ] ,  
She equilibrium a-I-  e = - 0, & = 0 i s  in some cases asymptotically sl-able as weil. 
I"rust merely be shown that the solut!on at e = 0, 4 f 0 canno* be an equilibrium, 
- - 
For - t he  condi t ions t h a t  r ( P i  contains al  l frequencies, and +hat  the p lan$  and 
model have the same structure, it fo l l ows  that there i s  only one unique set of 
gains c k ,  k 7 for  which e is i d e n t i c a l l y  zero, i . e ,  wiPh 4 = 0 .  Hence the re  can 
r - - - 
be no so lu t ion tor - 4 = - 0 ,  i= 0 a t  other t han  e = 0 ,  & =  2, and t h e  c o r o l l a r y  
- - - 
appi ies. 
I V .  S t a b i l i t y  C r i t e r i o n  w i t h  Gain Const ra in ts  and Disturbance 
Assume now t h a t  one o r  more o f  t h e  ga in  terms i n  [k, - kr] i s  constant.  Then 
$J i n  ( 3 . 3 )  i s  constructed t o  have elements corresponding t o  each o f  t h e  ad jus tab le  
- 
gains  i n  [k, - kr], as def ined i n  ( 3 . 7 ) .  Since it i s  always poss ib le  t o  redef ine  
t h e  c o e f f i c i e n t s  i n  N and c o f  (2.1) so as t o  inc lude t h e  constant ga in  terms, 
' P -P 
t h e  statement t h a t  t h e  ga in  terms i n  [k, kr] which are  constant a re  a l s o  zero 
- 
valued su f fe rs  no loss o f  genera l i t y .  If then we l e t  m elements o f  - k, as we l l  
as kr, be i d e n t i c a l l y  zero, (3.4) becomes equal t o  
m 
Here C s i g n i f i e s  t h e  sum o f  m terms, bu t  n o t  necessar i l y  i n  a sequence o f  successive 
integers.  C l e a r l y  asymptot ic s t a b i l i t y  i n  - e i s  no longer assured by (4.1).  How- 
ever  if a spher ica l  reg ion R i n  e can be found ou ts ide  which '? i s  negative, then 
e - 
t h e  motion i n e w i l l be bounded [7]. 
- 
To f i n d  such a region, i f  it ex is t s ,  we replace x by y i -e . ,  and l e t  be i I 
t h e  i d e n t i t y  mat r ix .  Then s u b s t i t u t i n g  t h e  expression f o r  y from (3.51, (4.1) 
becomes 
T n m 9 = -e - - e + 2 I p e ( L  6ni(yi-e.)  + 6 r - i n  i I n dn). (4.2) i = l  
It i s  r e a d i l y  shown t h a t  0 < 0 i f  
Denoting pmax and 16 Imax a s  t he  maximum va f ues o f  pin and 1 6n / respect ive l y ,  a 
stronger condition Phan ( 4 . 3 )  is given by 
T rn rn m 
e e . 2 ~  4 e i l  C161max 
-- - max ( z l e i I  + z l y i l )  + I6,IIrI + Id , I3=  
Using inequal $P ies  C81 
a s t  i I I st ronger cond i t i on  than (4.4 1, w i t h  Re (eTe becomes 
2 
R~ > 2pmax f i C l ~ l  (&Re + m / y ImaX)+  I',IIrImax + Idnlmax'p max 
max 
~ h e r e I ~ l , ~ ~ , I r l ~ ~ ~ , a n d ~ d ~ l ~ ~ ~ d e n o t e  t o f t h e s e t I Y i l , I r 1 9 a n d l d n l .  
respec t i ve l y .  I f  
it fo l l ows  t h a t  < 0 ou ts ide  t h e  region 
The cond i t i on  4 .  i s  a  t e s t  f o r  t h e  exis tence o f  a  region Re < rn, and i s  a  
T  
su f f i c i ency  c o n d i t i o n  f o r  s t a b i l i t y  (Lagrange) i f ,  as has been assumed, e  Pe i n  
( 3 . 3 )  i s  p o s i t i v e  d e f i n i t e .  Thus using t h e  no t ion  t h a t  t h e  actual  u l t ima te  bound 
T f o r  - e must be determined by a contour o f  e  Pe = constant  c i rcumscr ib ing  the  sphere 
- - 
o f  radius Re, where P i s  def ined by ( 3 . 7 ) ,  it i s  readi  l y  shown t h a t  e must 
- 
u l t i m a t e l y  be w i t h i n  a sphere o f  rad ius  RL where 
u 
1 / 2  
R e = [-::I (4,9) 
and 'max' 'min are t h e  max, min eigenvalues, respect ive ly ,  o f  t h e  P mat r ix .  Since 
P i s  p o s i t i v e  d e f i n i t e ,  hmax/hmin i s  a f i n i t e  p o s i t i v e  rea l  number, and R: i s  
f i n i t e  i f  Re i s  f i n i t e .  
I f  Re i s  zero, t h e  system is asymp-i-oticai l y  sfable i n  e space. 
-- 
V, S t a b i l i t y  C r i t e r i o n  where the re  are  InpuP Der i va t i ves  
-- 
I n  [5] t h e  adapt1 ve con t ro l  law i s  der ived fo r  t h e  general case i n  which 
the re  may be up t o  n-I d e r i v a t i v e s  of t h e  control  input  appearin? i n  t h e  d i f f e r -  
e n t i a l  equation o f  t h e  p l a n t .  The essen t ia l  r e s u l t  i n  [TI i s  t o  show t h a t  a 
reduced-order e r r o r  equation s imi  l a r  t o  (3.1 can be expressed as 
T 
where e  = (e, e, . , ., e  
- 
' i s  a  reduced-order s t a t e  vector,. n be1 n~ f he 
dimension o f  t h e  p l a n t  s t a t e  vec tor  5,and p being t h e  h ighest  order  o f  t h e  i npu t  
T de r i va t i ve .  I n  (5.1) - b = (0, 0, ..., 1 ) :  and b  [mi], a reunknownconstants  
OP 
comprised o f  model and p l a n t  parameters. The terms [zi] represent t h e  inputs  t o  
t h e  compensating gains. Whereas i n  t h e  case t r e a t e d  p rev ious l y  t h e  inputs t o  these 
gains are composed o f  p l a n t  s t a t e  var iab les  and t h e  reference input,  some o f  t h e  
z . ? s  are der ived by processing these s igna ls  through a  low-pass f i l t e r ,  as a 
I 
consequence o f  t h e  technique f o r  reducing the  order  of t h e  s t a t e  equation (5.1). 
In  order  t o  f i n d  an e r r o r  bound i n  t h i s  case when c e r t a i n  o f  t h e  gains [k i ]  
are he ld  constant, a t t e n t i o n  i s  d i rec ted  t o  t h e  expression f o r  t which evolves i n  
a  form s i m i l a r  t o  (4.11, namely 
where m i s  t h e  number o f  ga in  terms he ld  constant ( a t  zero) .  A d i f f i c u l t y  now 
a r i ses  i n  p a r a l l e l i n g  t h e  step i n  going from (4.1) t o  (4.2) i n  which y i  - e  was i 
subst i t u t e d  f o r  x i .  Consider a  term zi = L - ' [ H ( s ) x ~  ( s ) ]  = &-l[H(s)(yi ( s ) - E ~  (s))?, 
and l e t  
c i  = L . - ' [ H ( ~ ) E ~  (511  (5.3) 
where H ( s )  descr ibes "re low p2SS i l i l"rcr men-i-ianed above, /-I- w i l l  be seen ?ha?9 
i n  order to a r r i v e  at 8 n  expression s u c h  a s  ( 4 , 6 ) ,  i s  i s  necessarv to d e r i v e  an 
i n e q u a l i t y  r e l a t i o n s h i p  from (5.31 on t he  assumpfion t h a t  a bound RA e x i s t s .  
Since by (4 .9 )  R'  can be expressed i n  terms of Re, t h e  i n e q u a l i t y  r e l a t i o n s h i p  f o r  
e 
s d i s f y i n g  t h e  cond i t i on  0 can then be formuiated i n  terms o f  Re, and t h e  t e s t  
f o r  t h e  ex is tcnce o f  R can be appl ied.  i f  Re ex i s t s ,  then t h e  assumption t h a t  
e  
RA e x i s t s  i s  v a l i d .  
From (5.3) it fo l lows w i t h  h ( t )  = &.-IH(s) t h a t  
e i ( t -A)  h  ( A )  dh. 
0 
I f  we assume t h a t  le i  1 - < Rk, then from (5.4) it f o l  lows 
03 
By t h e  cond i t i on  imposed i n  [5] t h a t  H(s) i s  a  s tab le  f i l t e r ,  t he re  i s  a f i n i t e  
number N such t h a t  
l e i c t ) l  - < R; N. 
How by (4.9) 
From t h i s  po in t ,  t h e  d e r i v a t i o n  o f  a  r e l a t i o n s h i p  s i m i l a r  t o  (4.6) f o l l o w s  wi thout  
d i f f i c u l t y .  
I t  has been t h e  purpose o f  t h i s  sec t ion  t o  show t h a t  t h e  r e s u l t s  contained 
i n  Sect ion V can be extended t o  t h e  general case. 
V I .  An E r r o r  Bound due t o  Measurement Noise 
I f  t h e  measured s t a t e  vec tor  o f  t h e  p l a n t  i s  def ined as w = x  + n, where n  i s  
- - -  - 
the  measurement noise, i t  fo l lows t h a t  (2.1) becomes 
w = A w + b u + h  ( 6 , l )  
-- P - - - - - P  - 
w i t h  h = d + c r i n - A n .  I +  a pseudo tracking error i s  now de i  i ned by  E = y - " 
- " 3' - P- - -- 
where y- i s  t h e  o u t p u l  of the  model (2,2), then tho  state equation fo r  the  pseudo 
e r r o r  i s  given by 
where 
f ' = = A w + h r  - - - h -  b  u .  
-- -9 
By having assumed t h a t  t h e  system equation i;' i h  normal form, it i s  reasonable t o  
T  ( n - I )  
cons i der the  e  l ements o f  t h e  noi se vec tor  t o  be def i ned as - n = [n ,A  I , . . . , n I. 
T (n- l  Hence it fo l l ows  t h a t  E = [ E ~ , ; ~ ~ + . . ~ E  1. Thus (6.4) i s  i n  normal form, 
and - f '  can be shown t o  have on ly  one non-zero component, namely f ' .  Th is  a l lows 
n  
t h e  ana lys is  o f  Sect ion I l l  and IV t o  be app l ied  d i r e c t l y  t o  the  present problem 
wherein the  bound on - E i s  sought about t h e  e q u i l i b r i u m  - E = - 0 .  Since - - -  e = n  + E ,  a 
bound on - e can be found i f  bounds on n  and E are known. 
- - 
Analys is  shows t h a t  i f  t h e  system i s  s t a b l e  i n  - e space wi thout  noise, then 
t h e  e r r o r  i s  bounded when noise i s  present,  i f  t h e  terms n, - I; appearing i n  - h are  
bounded. Th is  r e s u l t  i s  no t  very s a t i s f y i n g ,  however, because t h e  dependence of 
t h e  bound on - was caused by t h e  necessi ty  f o r  r e s t r u c t u r i n g  t h e  system equat ion 
t o  be I n  the  form (6.1) so t h a t  t he  noise enters  t h e  system i n  the  form of a  
disturbance. Although t h e  s o l u t i o n  i s  found by t h i s  a r t i f i c e ,  t h e  r e s u l t  i s  
h l j h l y '  a r t i f i c i a l .  For t h i s  reason it i s  important t o  determine t h e  system 
performance by s imu la t i on  i f  a reasonable eva luat ion  o f  t h e  e f f e c t s  a t t r i b u t a b l e  
t o  noise i s  t o  be had. 
VI I  Example 
The system shown i n  Figure I  i s  used t o  i l l u s t r a t e  t h e  concepts which have 
been introduced, t a k i n g  i n t o  account t h e  presence o f  measurement noise. Resul ts  
obtained by sirnul a t  ion are compared w i t h  the  ca lcu la ted  e r r o r  bound. 
The assumption i s  made t h a t  k ,  and k are not known exac t l y .  We assume 2 
however +hat  k2 i s  known t o  w i t h i n  20% o f  the nominal va l ue  whereas k i  may 
d i f f e r  widely f rom nominal. Hence, al though the  adap t ion  w i t h  r espec t  t o  
Adaptive System Used i n  Example 
Figure I 
Cw I . TI i 5 requ i red, t h e  need f o r  a n  adapt i ve ioop w i t h  respec-t 4-0 w2 i 5 
For t h i s  example, t h e  inpu-l- udas t a k e n  t o  be  a f i v e - v o l t  square wave h a v i n g  
a per iod  o f  two seconds. A twenty percent o f f s e t  was made i n  (k2 = 5.281, 
compared t o  i t s  nominal value o f  4.4. The value of k I  was not  important s ince 
t h e  w l  loop was always opera t ive .  A value o f  k l  = 5 was used throughout. 
I n  t h e  absence o f  measurement noise, and w i t h  t h e  w2 loop inoperat ive,  
t h e  bound R; can be found as f o l  lows : 
Let Q = I. Then using (3.71, w i t h  Am as s p e c i f i e d  by t h e  model, it 
f o l  lows t h a t  
1 .47 
' =  [ . O r  :y :51e  
S u b s t i t u t i n g  numbers i n t o  (4.8)  according t o  
- n = 2, m = I  , pmax = 0.125, 6max =O. 84, Y,ax- / y2 lmax= 10' Sn = 0, 
i t  fo l l ows  t h a t  Re = 4.4 v o l t s .  I f  t h e  eigenvalues o f  t h e  P m a t r i x  are computed, 
t h e  desi red r e s u l t  i n  (4.9) i s  found t o  be R i  = 15 v o l t s .  
6y s imula t ion  the  actual  e r r o r  bound was determined t o  be 1.2 v o l t s .  Hence, 
as i s  t o  be expected, t h e  ca l cu la ted  bound i s  conservat ive. 
Adding measurement noise t o  the  system, t h e  s imu la t i on  was used t o  determine 
a t  what noise level ,  i f  any, t he  i nc lus ion  of t h e  adaptive loop invo lv ing  w 2 
would i n  f a c t  degrade system performance. For t h i s  purpose. t h e  noise n l  was 
chosen t o  be a random s igna l  w i t h  a low frequency power spectrum spanning t h e  
bandwidth o f  t h e  system. With n2 = f i l ,  t h i s  resu l ted  i n  n2 having peak values 
e igh ty  t imes t h e  peak values o f  n , .  
1-l" was found tha t ,  w i t h  the  w2 adaptive ioop operat ing,  a noise n having 1 
peak ampiitudes sf 50 milt i v o f t s  produced an error signal (E 1 w i t h  t h e  same i 
peaK atilpi i h d e  (0,35 vol  "rs) a s  "ra t  wt-~lch was ob-l-ained w i - t h  t h e  w adap-i-ive loop 2 
- I  l -  
inoperaf ive.  Hence the noise inser ted  fhrough the  8dap-i-ive ioop i n v o l v i n g  w2 
nu1 l i f i e d  t h e  advantage o f f e r e d  by t h a t  adapf ive gain. The f a c t  t h a t  the noise 
s igna l  had such a  pronounced e f f e c t  i s  a ? P r i b u t e d  t o  t h e  r e l a t i v e l y  large noise 
l eve l  associated w i t h  n2. 
V 1 1 1  Conclusions 
The presence o f  measurement noise i s  shown t o  be an important f a c t o r  i n  
t h e  design o f  adaptive systems. For those cases i n  which c e r t a i n  p l a n t  parameters 
are known w i t h  f a i r  accuracy, i t i s  found t h a t  b e t t e r  system performance may 
r e s u l t  by e l i m i n a t i n g  c e r t a i n  adaptive loops. I n  t h i s  case s t a b i l i t y  o f  t h e  
adaptive system i s  no longer asymptotic, and s t a b i l i t y  must be expressed i n  
terms o f  an e r r o r  bound, The expression f o r  an u l t i m a t e  bound on t h e  t r a c k i n g  
e r r o r  i s  der ived i n  terms o f  known bounds on c k r t a i n  o f  t h e  p l a n t  parameter 
deviat ions.  However, t h e  r e s u l i  i s  conservat ive, so t h a t  p a r t i c u l a r l y  when 
noise i s  considered i t  i s  advisable t o  r e s o r t  t o  s imula t ion  methods. 
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